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We conceive a parametrized data type as a partial functor

G ()~ ALG (A) , where A is a signature extending ¥ and ALG (I) is the
of minimal I -algebras which serve as parameters.

We focus attention on one particular method of algebraically specifying
etrized data types: finite specifications with conditional equations
auxiliary sorts and functions provided with initial algebra semantics.

We introduce the concept of an effective parametrized data type. A sa-
ctory adequacy result is then obtained: each effective parametrized

type possesses a finite algebraic specification under initial semantics

RDS & PHRASES : <nitial algebra specification, parametrized data type,
semi— computable data type

nis report will be submitted for publication elsewhere.

epartment of Computer Science, University of Leiden, Wassenaarseweg 80
300 RA Leiden, The Netherlands




i




INTRODUCTION

The mathematical theory of parametrized data types was initially inves-
tigated in ADJ [13], [6], LEHMANN & SMYTH [10], KAPHENGST & REICHEL [9] and
EHRICH [5]. Central topics in these studies are specification methods and the
correctness problem for specifications and parameter passing mechanisms.

Reading through the growing litterature on parametrized data types one
observes small but important differences between the basic definitions used
by various authors; these variations resulting from differences in aims as
well as from differences concerning the general points of view.

Obviously this situation entails a difficulty for the theoretical de-
velopment of the subject. Rather than aiming at a unified theoretical frame-
work it is our intention to consider one single specification method and to
investigate that one in depth. This method is: initial algebra specifications
with conditional equations using auxiliary sorts and functions.

The relevance of our results should not only be measured against the im-
portance of the specification method that we analyze; it also indicates a
style of investigating specification mechanisms for data types in general.
The main idea is to connect specification methods to recursion theoretic con-
cepts; similar results for abstract data type specification were obtained in

BERGSTRA & TUCKER [2] and [3] .

A parametrized data type will be a partial functor ¢: ALG(Z) +ALG(A),
for some signatures I,A with I < A . Here ALG(T) denotes the class of all
minimal algebras of signature I'. (Remark on terminology: BURSTALL & GOGUEN
[4] call A € ALG(TI') an algebra 'without junk'.)

Further, ¢ is called persistent if ¢(A) is an expansion of A for all
A ¢ Dom(¢). Apart from the requirement that parameter algebras be minimal
these definitions correspond to the original omes in ADJ [13].

All the constructions and arguments in the sequel will be modulo Zso—-
morphism of the minimal algebras we are dealing with. (Alternatively, one
may consider ALG(I), the class of minimal I-algebras, as consisting of term
algebras, i.e. quotients of the free term algebra over I.) In this way we
get around the difference between 'persistent' and 'strongly persistent' from
ADJ [13]. For generalizations of our results however, a more sophisticated

approach of this issue will be required.




Keeping in mind that the application of a parametrized data type on
parameter algebra is to be effectively performed in a computational process,
1e following class of effective parametrized data types seems to be of in-
cinsic importance. A parametrized data type ¢ is called effective iff there
¢ists a computable transformation (y,e) that transforms a finite input spe-
ification (£',E') for a parameter algebra A into a finite specification
((Z',E'), €(Z',E')) = (Z",E") for a target algebra ¢(A). In both cases the
>ecifications are allowed to use auxiliary sorts and functions.

An attractive transformation mechanism for specifications is the fol-

)wing one:
(v(Z',E"), e(Z',E")) = (Z'UT,E"UE)

r some fixed finite specification (I',E). If such (T,E) can be found, the

irametrized data type ¢ is said to have a finite algebraic specification.

Our main interest is the following question: to what extent are algebraic
vecifications available for effective parametrized data types. For this
lestion we are interested in parametrized data types with a domain consis-
ng of semi-computable algebras only, because other algebras have no finite
vecification. We are then able to prove the following adequacy theorem

there SCA(IZ) denotes the class of semi-computable X-algebras):

[EOREM 3.1. Let ¢: ALG(Z)> ALG(A) be a persistent parametrized data type
.ch that Dom(¢) = ALG(Z,E) n SCA(Z) for some finite E. Then ¢ is effective

f it has a finite algebraic specification.

The proof is quite involved and uses a detour via an auxiliary notion,
z. that of a (effectively) continuous parametrized data type. A continuous
irametrized data type ¢ can be represented by an element F in the Graph
del Pw for the A-calculus; an effectively continuous one by a recursively
umerable F € Pw . Now it turns out that a parametrized data type has a

inite) algebraic specification iff it is (effectively) continuous.

For further information about parametrized data types the reader is
ferred to [7], [8] and [14].




ECIFICATION OF PARAMETER AND TARGET ALGEBRAS

In this section we will collect several definitions of preliminary

ns and some facts about them.

Algebras.
A signature I is a triple consisting of three listings, one of sorts,

f functions and one of constants.

LE. L: sorts INT , BOOL
functions SUC: INT = INT, 1 : BOOL - BOOL

constants O € INT, true € BOOL.

% determines the type of constants and functions declared in it. The
ng of 2 cT,ZuTl, InTl is clear.
A T -algebra A consists of a non-empty set AS for each sort s in I and

ions fA : Aslx...x A, - AS for each function name f € I of type

Sk

A .
..X 8, > s and a constant c eAS for each constant name c of type s in

k
For each sort s € I there are variables xi ,1ew. The sets TerS(Z) of
for sort s €I are defined by the following simultaneous induction.
ach s:

the constants of sort s are in TerS(Z);

xi € TerS(Z) , 1ew;

if Tj € Tersj(Z) » J=1,...,k, and f € I is a function of type

S Xeeex S 8 then f(Tl,...,Tk) € TerS(Z)
ermore, Ter(z) = U {Ters(Z) ]s in Z} .
A closed term contains no variables. TerC(Z) is the set of closed I-

' where

. An equation (of sort s) is an expression of the form T =t
TerS(Z) . A closed equation is an equation between closed terms. A

titonal equation is a construct of the form




The free term algebra T(I) is obtained by taking as A (see above) the
ets Ter () and interpreting functions and constants 'by themselves'

A I- algebra A is minimal if it has no proper I-subalgebras. If T'> X
nd A is some T - algebra, then A Izis the reduct of A of signature I which
esults by forgetting sorts, constants and functions not named in . By
4>Z we denote the minimal I - subalgebra of A!Z . If Alz = <A>Z = B, we
rite (A)Z = B and call A an enrichment of B.

With ALG(Z) we denote the class of minimal I-algebras. For a set E of
>nditional equations, ALG(Z,E) denotes the class of algebras A ¢ ALG(Z)
ith A |=

To each A € ALG(Z) we can associate the congruence = A that is the
2t of all closed equations true in A . Note that A = T(%)/ A (A is isomor-
1ic to the factor algebra obtained from the free term algebra by dividing
1t its congruence).

If K ¢ ALG(Z), then I(K) denotes the initial algebra of K, if it exists.
his is the algebra A from which all B € K are homomorphic images; A is

:termined up to isomorphism.)

2. Recursion theory and coding.

We use the notation wz( of ROGERS [11]) for recursively enumerable (r.e)
ibsets of w; z ew is called an r.e. -index.

Often we will use a bijective and effective coding ] 1: S > w for a
:t S of syntactic constructs, e.g. S = TerC(Z). Decoding (e S is
-ven by the inverse function. It is left to the reader to give a detailed
mstruction of ro . If Tc s, then rT1 = {ﬂ? |t €T} ; likewise LA_J,for
<€ w, is defined.

Let A € ALG(Z). Then A is called semi—computable iff FEA—I is r.e. (iff
r_ o1

A= wz) . The set of semi-computable minimal I-algebras is denoted by
ACZ) .

Let r1 : TERC(Z) X Terc(Z) - w be a bijective coding of all closed
- equations, with L , as decoding function. Now an arbitrary LWZ_J need

't yet be a congruence; it is after closure under logical derivability:

! .
z




r_ "l
£ again it is not hard to see that W =W for some recursive
Lz_J c(z)

> w . So wc(z) codes a congruence, for all z € w. (See also the dia-

in section 1.3.)

Initial algebra specifications.

Let A € ALG(Z), and %'> I. Then (Z',E') is a specification of A using
Zary sorts and functions if A = (I(ALG(Z’,E')))Z . For brevity we will
he notation: (Z',E')Z = A . To employ in diagrams, we use the alterna-

notation:
(Z',E') X, A .

Note that I(ALG(Z',E')) always exists. However, (I(ALG(Z',E')))Z is not
11 (£',E') and £'> I defined (see the definition of enrichment in 1.1).
that if E' is finite, I(ALG(Z',E')) € SCA(Z'). In fact we have:

. LEMMA. A € SCA(Z) = A = (Z',E')Z for some 1'> I and finite E'.

This is proved in BERGSTRA & TUCKER [1] . In fact it is proved there
from an r.e.—index z for '-EA_'l one can uniformly find a finite (Z',E')
fying A ; see the diagram below.

Finite specifications (Z',E') for A can be thought of as 'indices' just
z is an r.e.-index for A (=LWZJ) after coding. Indeed, the following
am asserts that both kinds of indices can effectively be translated

each other:

A e SCA(X) ~> EA
W
z L c(2)
‘ effective
mite (Z',E) | >z

effective(hl,hz)




» PARAMETRIZED DATA TYPES, DESCRIPTIONS AND SPECIFICATIONS

In this section we explain our definition of a parametrized data type,
id explain what it means for a parametrized data type to be: effectively

‘ven, algebraically specified, continuous or effectively continuous.

1 Parametrized data types.

A parametrized data type is a partial functor ¢: ALG(Z) +~ ALG( A) where

A ¢ (A)

hom. |a 3 hom. |B
¥

B > ¢(B)

1ich satisfies the following conditon : for each A ¢ Dom(¢) there is a
irjective homomorphism o: A - ¢(A)IZ'
If, moreover, for each A ¢ Dom(¢) we have: A ~ ¢(A)|Z then ¢ is persis-

mt.

2. ¢ is effective given (¢ is effective)

if Dom(¢) < SCA(Z) and there is a pair (y,e) of computable operationms,
:ting on finite specifications, that produces a specification
(Z',E'), e(Z',E")) of ¢(A) for each specification (Z',E') of some
€ Dom(¢) .

1 a diagram :

finite (3',8') —0mR-(Y:8) Loy pYy  c(z',E")) = (3",E"), finite

¢

semi-computable A eDom(¢) »B, semi-comp.

. a different notation: ¢((Z"E')Z) = (y(Z',E"), e(Z',E'))A .




b has an algebraic specification

(f there is a specification (T',E) such that for all A e Dom(¢

(z',E") > (' uT,E"UE)
§ |
A ¢ B

,E) is finite, then ¢ has a finite algebraic specification;
b P SCA(Z) is effectively given with y(Z',E') = £'UT and e(Z

it is required that I'nl c I .

ion : ¢ _C_(F,E)i ; so the diagram states:
X
(I‘,E)A (Z',E')Z = (Z'UI‘,E'UE)A .
che following composition rule (provided I''n T'=A) :

z z
(F',F)ﬁ °(T,E), = (I'UT,FUE)7 .

lepresenting parametrized data types in reflexive domains.

. Let © T be a bijective coding of closed I'-equations, and

sponding decoding. We will omit the T when no confusion is 1

7or a parametrized data type ¢: ALG(Z) > ALG(A) , let

"Dom($)7 = { rEA_'Z IA e Dom(¢)} and
Range ($) ! = {'-EB_’A |B € Range (¢)}.
ipping ¢ : "Dom(¢)? > '_Range(q))_‘ is introduced by

E(FEA_') = '_E¢(A)-l' ( See diagram.)
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»4.2, A reflexive domain. The Graph model Pw is the structure consisting

f the powerset of w and an application operator * on it. Application is
2fined as follows: for A,B € Puw,

A*B={m|3 ne w (n,m) € A & Dn < B} where (, ): wxw > w is a bijec-
ive and effective pairing function and Dn is the finite set with 'canonical

1dex' n defined as follows: D. = @ ; if n = 221 + ... +Zak, a ;< e..<a then

0 k’

1 = {a], seey ak}o

A mapping F: Pw > Pw is continuous if for all X e Puw:

(X) = ULF(_)|D_ < X}. For the next Lemma, see SCOTT [12].

v4,2,1, LEMMA, Let F: Pw - Pw. Then:

18 continuous <= IF € Pw VX € Pu F(X) = F-X,

»4.2,2, DEFINITION. (i) The parametrized data type ¢ is continuous if ¢
5 the restriction to 'Dom(¢) ' of some continuous mapping F: Pw - Puw,

ii) Moreover, ¢ is called effectively continuous if ¢ is the restriction
f a continuous F which is represented in Pw by an r.e., element F ¢ Puw.

[.e. F is an enumeration operator, in the sense of ROGERS [11].)

v4.2,3, Write RE for the set of r.e., subsets of Pw, Let ®: RE - RE . Then

is called effective if for some computable f:

Vz @(WZ) = wf(z) o

> need the following version of the Theorem of Myhill and Shepherdson (see

)GERS [11]), as stated in SCOTT [12]:




.4, THEOREM, If ®: RE -+ RE <s effective, then for some r.e. element

we
VX € RE ®(X) = F «X ,

juently & as in the Theorem can be extended to a continuous operator
AX. F +X). On the other hand of course: if F ¢ RE, then

RE, F X 1s effective,
iCIFICATION THEOREMS

’he main result of this paper is Theorem 3.1 which essentially asserts
:ffective parametrized data types have finite specifications, provided
domain is reasonably well-behaved. We expect that 3.1 (ii)e=(iii) will
1any generalizations; for instance, removing the condition that input
‘as are minimal seems quite worth-wile. Other specification methods,

1s working with requirements (see EHRIG [7])or with final algebras,

:0 similar questionms.

’heorems 3.2 and 3.3 provide exact characterizations of the persistent
strized data types that can be specified, without any condition on the

1s involved.

[HEOREM. Let ¢: ALG(Z) - ALG(A) be a persistent parametrized data type
om (¢) = ALG(Z,E) n SCA(L), for some finite E. Then the following are
ilent:

¢ 28 effectively continuous;

¢ possesses a finite algebraic specification;

¢ Zs effective.

CHEOREM. Let ¢: ALG(Z) - ALG(A) be a persistent parametrized data type.
the following are equivalent:
¢ 18 continuous;

¢ has an algebraic specification.




.3. THEOREM. Let ¢: ALG(Z) —~ ALG(A) be a persistent parametrized data type.
hen the following are equivalent:
i) ¢ Zs effectively continuous;

ii) ¢ has a finite algebraic specification.

Since the proofs are rather involved we will make some remarks about
heir structure. (See also fig. 1 below.) First we will prove the continuity
roperties for all three theorems; i.e. all upward arrows in fig. 1,2,3. This
s done in section 4. In section 5 we prove an important trio of lemma's
nabling us to prove (i) = (ii) for the three theorems above. The proofs
f these specification lemma's require some theory of 'Lifting of specifi-
ations' which is of a technical nature. In order not to obscure the main
ine of the arguments, this technical part is given in an Appendix. Section

contains the combination of the three specification lemma's which yields

he remaining parts of the proofs of Theorems 3.1, 3.2 and 3.3.

¢ :ALG(Z)~(ALG(A)is persistent and Dom(¢) = ALG(Z,E) n SCA(Z)

for some finite E

Theorem 3.1 k1)¢ is effectively continuous
"P
A | = § = = = =|| Countable Specification Theorem of
P \,Lemma (CSL) 5.1 Myhill-Shepherdson
P v
E .
N|=FT==°== Compression Lemma (CL) 5.2 4.3
:
2 N Finite Specification
Lemma (FSL) 5.3
Nv/

(ii) ¢ has a finite > (ii1)
algebraic specification trivial ¢ is effective

fig. 1




¢ persistent

(1)

¢ is continuous

Theorem 3.2 JJ/CSL 5.1 ‘14 1

ii) ¢ has an algebraic
specification

fig.2
¢ persistent

(1)

¢ is effectively continuous

Theorem 3.3 Jl CSL 5.1

\U CL 5.2 4.2
lLFSL 5.3

(ii) ¢ has a finite algebraic
specification

fig.3

JVING CONTINUITY

Je will now prove (iii) = (ii) of Theorem 3.1 and (ii) = (i) of Th

3.3. First the easier two implications:

°roof of Theorem 3.2 (ii) = (i).

7
t

Le and L  be bijective coding and decoding functions for c

r .

juations, and likewise L1 for closed A-equations.
Suppose that ¢ has a specification, say (I',F). So ¢(A) = (P,F)i (A

e Dom(¢). Noting that A = (Z,EA)Z, we have

$(A) = (I‘,F)i (205 = (I‘UZ,FUEA)A .




w let A = {(n,m)|F v WL - fmy }s A€ Pu. Then for A ¢ Dom(¢):

A e

rEA 7 = {mIEIDn g_rEA_' (n,m) e A} =

{m[3D < '_EA_' Fu, D | pmy s {m|Fusz, | pmy s
(Tel [Fus ed=(Tel [(Cuz,Fuzy), e} ==, 0!
(=M .

:nce ¢ is continuous (by Def. 2.4.2.2 and Lemma 2.4.2.1). [

.2, Proof of Theorem 3.3 (ii) = (i).

If in the above proof F is finite, then obviously A is r.e.

;nce ¢ is effectively continuous. [J

3. Proof of Theorem 3.1 (iii) = (ii).

Let (Y,e) be an effective transformation of specifications that de-
'ribes ¢. Consider ¢ . We will construct an effective operator (see
4,2,3) 8: RE~> RE that extends ¢. Then it follows by the Theorem of Myh
Shepherdson (2.4.2.4) that § can be extended to an enumeration operator
2,4,2,2(ii)), which immediately implies that ¢ is effectively continuous

In order to define §, consider the domain ALG(Z,E) n SCA(Z) of ¢ . L
1(2) be the coded congruence of an algebra in ALG(Z,E) n SCA(Z) which i
merated by Wz(cfr. WC(Z) in diagram in 1.3; there E = § ). To be precis:

:t d be a recursive function such that for all z:
Lwd(z)J = {e | e is a closed Z-equation & E ULWZJ - e} .

ich a function d exists because E is finite.
Further, let (hl’hZ) be as in the diagram in 1.3, and let
(z) , E'(2)) = (h](d(z)) , hz(d(z)). Now define:
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s ) = {Tel [(v(2'(2),E"(2)), e(2'(2),E"(2))) |- e,

e is a closed A - equation}

B Wg‘(Z)

1 appropriate computable function g.

Jne easily verifies that § is an effective operator. Moreover, § ex—

¢ : let A ¢ Dom(¢) and rEAj = Wz. Then Wz = wd(z) and thus

),E'(z) == A and (y(3'(2),E'(2)), e(3'(2),E'(2))) —— ¢(A) which
_ . _ = F: T

28 wg(z) = W;¢(Ajn . Hence 6(Wz) = ¢( A Y. O

REE SPECIFICATION LEMMA'S

Since the proof of Theorem 3.1(ii) = (iii) is trivial and since Theorem
i) = (ii) follows from the more general implication 3.3 (1) = (i1), it
as to establish (i) = (ii) for Theorems 3.2 and 3.37. This is done as
WS .

Given a continuous parametrized data type ¢, we have an F ¢ Pw repre-
ng ¢. Now the Countable Specification Lemma (5.1) transforms this F in-

countable specification E_ for ¢ consisting of closed conditional equa-

F
. This proves already Theorem 3.2 (i) = (ii).

If moreover ¢ is effectively continuous, F is r.e. . Then the Finite
fication Lemma (5.3) is able to convert the countable specification

to a finite one; but first E_ has to be 'preprocessed' by the Compression

F

(5.2) to an Eé containing only closed conditional equations e - e' with

sely one condition.

COUNTABLE SPECIFICATION LEMMA. Let ¢: ALG(Z) - ALG(A) be a persistent

ontinuous parametrized data type. Then ¢ has a specification (A,E)
E containing closed conditional equations only.
If moreover ¢ is effectively continuous, then E can be taken to be an

set.




4

ROOF. Let ¢ be continuous. Let F ¢ Pw represent ¢(i.e. F extends )
o r i
Let oL o and Lo be as in 4.1 .

Now there is a nice correspondence between (m,n) € F and closed con-
itional equations, as follows: to each (m,n) € F we associate the conditional

quation

e =M D - . n
(m,n) L m_J L

hese closed conditional equations turn out to be the desired specification:
b < (B,E) (*)
— >TFIA

here E_ = {e

P (m,n) |(m,n) e Fl}.

We will now prove that (x) indeed holds. In order to do so, we need a
roposition expressed in the following claim. There the following notation
s used: if E is a set of conditional equations , E° is the set of all

losed equations logically derivable from E.

LAIM, Let ¢,F and EF be as above. Then:
i) A ¢ Dom(¢) ==>(EF UEA) c E¢(A) R
ii) Zf ¢ Zs persistent:

A ¢ Dom(¢) = (EFUEA)° = 24 -

Proof of the claim.

(i) 1is obvious from the construction of EF .

(i1) It suffices to show that ¢(A) |= EF USy -

That ¢(A) |= A is obvious since (¢(A))Z is a
homomorphic image of A . Also ¢(A) |= Ep s
for, let ®(m,n) € Ep . Assume o(A) |=
AALDm . Then also (¢(A))Z |= M DmpJ .
By persistency A = (¢(A))Z , hence
Al moD . Now
LD
A |= M D >
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LDmJ <

r= 1
Em c A =

n e Wé¢(A)- hand

L% € Zpa) <

$A) = ny .

Therefore ¢(A) |= N\LDmJ >y (= e(m,n)) )

A L d

¢ is persistent, then for A € Dom(¢):
Z = - = = = ° = 3 i
(A,EF)A (E,:A)Z = (A,EF U_A)A = (A,(EF U_A) )A (by the claim)

(A’Ed)(A))A = ¢(A)-
') follows by the Standard Application Lemma (App. 7.2). [

[n the next two lemma's the concept (T'',E') & (T,E) (the specification
) Zs a lifting of (T,E)) is employed. The precise definition and the
of the 'Lifting Lemma' are given in the Appendix. The intuitive idea
iply that a lifting (I'',E') of (I',E) is some kind of extension of the

‘ication (T',E) such that they specify the same parametrized data types:
] 1 1] ] z Z
(T',E") & (I,E) = ("',E"), = (I,E)} .
ct we must be slightly more precise - see the Appendix.)

JOMPRESSION LEMMA.

et (I',E) be a specification with E containing closed conditional equa-
only. Then there is a lifting (I'',E') of (T,E) with E' containing
1 conditional equations of the form e - e' only.

foreover, if E 18 r.e. then so is E'.




ROOF. Consider the following extension T u A of I:
1e signature A has sorts NAT , LINK
functions S: NAT -+ NAT

L: NAT x NAT - LINK
constants 0 e NAT

> use the abbreviation k for the term Sk(O) of sort NAT (kew).

1 ] . .
= = A 6o o A = > . = .
Let E {s] tl Sh. tm' s1 t1|1 € w} be a (not necessarily

. . 1 i . .
fective) enumeration of E, for some function i » m, . We may suppose
21 (by prefixing a dummy condition if necessary).

L

. | ] .
. = A sea A = -> . = . .21).
msider el s] t] Sh. tm. s t1 (m1 1). We will replace

1. 1 . .
. by the set Ei of mi-+] conditional equations each having only one con-
.tion:

»
I

]

=
~~
=
-
z

2]
I

> L(i,1) =

[
=
~
=
-
N
p—4

2 - &

Sm = LD = LW
1

L(1,0) = L(L,K) ~ s = t!

~

lote that using these cond. equations:

= t. A ... A S =t = L(i,0) = L(i,1) = L(i,2) = ... = L(i,k) » s'= t!.)

1 m; m; — - — —7— 1 1
Now (T'',E') will be (FUA,igmﬁi) . The verification that indeed

'""SJE') & (T',E) is left to the reader.

If E is r.e., it is not hard to see that E' is r.e. too .

3. FINITE SPECIFICATION LEMMA.

Let (T,E) be a specification with E an r.e. set of conditional equations
* the form e > e' .

Then (T,E) has a lifting (T'',E') with E' finite.

OOF, Let E = {ei > ei|i cw} be an effective enumeration of E, Let E(S*%)
ntain all the conditional equations in E of the form TT = T; > T; = TZ s
r every pair of sorts (s,t) in T, So E = U{E(S’t)ls,t sorts in T},




r 1

.et I be bijective coding and decoding functions of the c

:rms. Since E is r.e., each E(S’t) is r.e.; hence for each pair (s
. . s,t .

are recursive functions gi( »t) s 1=1, ...,4 such that

E(s’t) = {Lgl(n)J = ng(n)_J > Lg3(n)J = Lga(n)J |lnewl.
low we could give the desired (I'',E') & (I',E) at once; however for
- understanding, and as an anticipation of the proof of & , we wil
ler first the following expansion of A ¢ ALG(T).
7irst we define an algebra E, determined by E. Let *:I>T" be a
> morphism making a disjoint copy of I'. So to each constant c, res
lon f in T there corresponds c* , f* in I'*, We will extend * in th
1s way to Ter(T).
lhe signature of E , called It s is:

sorts : NAT

functions: S: NAT -~ NAT

Gi(s’t): NAT > I'* (for each s,t € EEEEE(F) and
i=1, ooy 4)
constants : 0

2fore, k abbreviates Sk(O), for kew.)

The congruence =, is generated by the recursive set of closed I, -
g E*'S 8 E

G = {Gis’t)(k) = Lgis’t)(k)J* Ik.ew, s,t € sorts (I)}

= (ZE,G)Z . Clearly E is a semi-computable (even a computable) al
by Lemma 1.3.1 it has a finite specification (A,F) for some A > I
Next, £ is "glued" to A , by means of homomorphisms h¥: T(r*) ~ A
(E)T* = T(I'*)) for every sort s in T, satisfying the finite set H

ions:




H hs(c*) = c , for every ce¢ constants (I)

] s
hs(f*(xl, ceesx)) = £(h 1(x]) P k(xk))

for every f ¢ functions (T) of type S| X +e0 xS > 8

30 the h® remove the * of P*-symbols.)
>t A ® E be the result , see figure 4.

9_, L,Z_looo

G. ’
1

A\ A\ Vg

\____J Fig. 4

Now consider the finite set of conditional equations

= {e(s’t), s,t € sorts (I')} , where
e(S’t): hS(G](s’t) (x)) = hS(Gz(S’t) (x)) f)ht(G:gS’t) (x)) = ht(Gf}S,t) (x))

‘idently, if A @ EE IE, then A F E. So using E the infinite E can be re-
aced by the finite IE.

It is now clear what the desired (T',E') , such that (I'',E') =(T,E),
ould be:

(Tr',E') = (TuAu {hS Is € sorts (I)} , IEu F u H).
e proof that (I'',E') & (T,E) is routine; the expansion requirement (see

f. App. 7.3(iii)) is clearly fulfilled since every A ¢ ALG(Z,E) can be ex-
nded to A ® E' ¢ ALG(T]E') where E' = I(ALG(A,F)). g




5. PROOF OF THEOREM 3.2 (i) = (ii) AND 3.3 (i) = (ii).

Clearly 3.2 (i) = (ii) is a consequence of the Countable Specification
sema (CSL) 5.1,

The other implication requires some argument. Let ¢: ALG(Z) - ALG(A)
e persistent and effectively continuous. According to CSL 5.1 it has a
specification (A,E) with E r.e. and containing closed conditional equations
»nly. According to the Compression Lemma (5.2) this specification can be
lifted to a specification (I',F) with F r.e. and containing closed conditional
aquations of the form e - e' only.

Then, using the Finite Specification Lemma (5.3), (I',F) is lifted to
(T',F') with F' finite. By transitivity of lifting, (I'',F') & (A,E).

Finally, by the Lifting Lemma (App. 7.4) we may conclude from
b < (A,E)i to ¢ E.(F"F')i s, l.e. ¢ possesses a finite specification. gd

7. APPENDIX: LIFTINGS OF SPECIFICATIONS

Before we state the definition of lifting and prove its main property,

7ve need some preparation.

7.1. JOINT EXPANSION LEMMA.

Let Ai € ALG(Zi) , 1 =0,1,2, be such that 21 n 22 = ZO and
(A])zo = AO = (AZ)ZO .

Then there is a unique joint expansion A] U A2 € ALG(ZluZZ) of A], A
such that (A]LJ A2) = Ai , 1 =1,2.

2

PROOF. Routine. O

The next Lemma is intended to simplify a verification that some speci-

fication indeed specifies a parametrized data type ¢ .
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'.2. STANDARD APPLICATION LEMMA.

Suppose that ¢: ALG(X) -+ ALG(A) <s a persistent parametrized data type.
'hen the following is a sufficient condition for ¢ < (F,E)Z :

for all A e Dom($), ¢(A) = (P,E)i (5,25 -

R00F . ¢ (A)

(LB, (5,24, =

¢ (A) (T, Evu EA)A .
ait B = (I“,EUEA)F . Then : BEE, (B)A = ¢(A) and (B)Z = (¢(A))Z = A because

f persistency.

Now let A = (Z',E')Z » 2'nT = £, We have to show :

(Tuz', EuE')A = ¢(A).
rite AT = (Z"E')Z' . Then (A')Z =A = (B)Z .

:nce, by the Joint Expansion Lemma 7.1, A' and B have a joint expansion
= A" U B in ALG(Z'UT) with (C)Z' = A" and (C) = B .
T
learly CE EUE' and (€, = ¢(A).

o] [+]
It follows that (EuE'") r1Ter(A):i E¢(A) . (Def. : see proof of Lemma
o

.1). Because (TUZ,Eu EA)A = ¢(A) we have (EUEA) 2 E(P(A).

irther, (Z',E')Z = A implies E' 2 54 » It follows that

So ¢(A) = (Tuz',(EUE")*n Ter (8)), = (Tuz',EvE"), . O

3. DEFINITION. Let (I'',E') and (T,E) be two specifications. We say that

"',E') is a lifting of (TI',E), notation: (T',E') B (TI',E), if the following

iree conditions are satisfied:

) ro-r,

1) ET?Z E ( denotes the closure under logical derivability),

ii) each A e ALG(T,E) can be expanded to an algebra A'e ALG(T',E"). (I.e
(A')T =A.)
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The important property of liftings is the following.

7.4. LIFTING LEMMA.

Let ¢: ALG(Z) > ALG(A) be a persistent parametrized data type. Let
L cAcT and assume (T',E') & (T,E). Then :

n

$c (LB = ¢ (ED2. (¥
A A
PROOF. (First note that the requirement that ¢ is persistent, turns the

z z
statement (*) into one weaker than the statement (I‘,E)A < (I",E')A .)

Suppose A ¢ Dom(¢). By Lemma 7.2 it suffices to check that
z _ z _

(F',E')A (T’:A) = (T,E)A (Z,:A) .

Let B = (T,E UEA)P and B' = (I'',E'v EA)P" Take B" to be an expansion
of B in ALG(T') with B" F E'., Because of the initiality of B' there is a
homomorphism a: B' — B" , Restricting o to I one obtains
ap (B')P —-»-(B")P (=B) . Because B' F E' U=y ,(B')P % E Usy - Since B is
initial in ALG(F,EtJEA) , there is a homomorphism B : B ——4-(5')P . Conse-

quently B = (B') and (B)A = (B'), which had to be shown. 0
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